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ABSTRACT We introduce and compare typical shaping schemes suitable for optical communications.
The geometrically shaped-quadrature amplitude modulation (GS-QAM) formats are characterized by the
non-equidistant spacing of constellation points, transmitted uniformly, and applied to improve system
capacity. On the other hand, the well-known constant composition distribution matcher (CCDM) is applied
for the generation of probabilistically shaped QAM (PS-QAM) formats. Mutual information (MI) is used as
a metric to analyze the performances of regular/GS/PS-MQAM formats. In a linear amplified spontaneous
emission noise limited region, it can be proved by the numerical simulation that MI performances of the
GS-8/16QAM are always better than regular 8/16QAM and PS-8/16QAM; the largest shaping gains can be
separately reached by PS-32QAM and GS-32QAM. We continue with the experimental demonstration on
the 16QAM-based transmission system, and find that GS-16QAM generally has the best MI performance.
We also find that the modulation-dependent nonlinear noises of the GS-8/16/32QAM are comparable to that
of the regular 8/16/32QAM and generally lower than PS-8/16/32QAM. By using the enhanced Gaussian
noisemodel, we observe that the GS-8/16QAM formats have better performances than regular 8/16QAMand
PS-8/16QAM over multi-span transmission. Meanwhile, PS-32QAM formats provide superior performance
over a relatively long transmission distance.
INDEX TERMS Geometric shaping, mutual information, nonlinear distortion, optical fiber communication,
probabilistic shaping, quadrature amplitude modulation.
I. INTRODUCTION
The ever-growing Internet traffic has been pushing forward
the development of optical transport networks for decades.
As an enabling technology for power-efficient and spectrally
efficient communications, coherent detection combined with
digital signal processing (DSP) has prevailed throughout
various state-of-the-art optical transmission systems [1]–[3].
Advanced modulation formats have been widely applied to
improve the spectral efficiency [4], [5]; a series of multi-
plexing techniques have been explored to boost the aggregate
capacity [6], [7]. Called upon the demand of higher data rate,
the telecommunication industry has put on the agenda the
single-carrier 400G optical transmission. The 16-quadrature
amplitude modulation (16QAM) format has been proposed
as a potential solution. The 16QAM can relieve the hardware
requirement, which offers a cost-efficient solution [8].
Although uniform QAM formats are usually deployed in
the modern optical transports for the facility of generation
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and detection, there is an asymptotic loss ofpie
/
6(≈ 1.53 dB)
towards the Shannon limit [9], as shown in Fig. 1. According
to the information theory, such 1.53 dB gap can be closed
by the shaping gain if the modulation format yields a Gaus-
sian distribution. It is worthwhile to notice that both coding
and shaping are the key technologies to approach the Shan-
non limit, but they play different roles. Coding attempts to
maximize the distance between code vectors; while shaping
is performed to minimize the average symbol energy, and
result in the larger Euclidean distance among constellation
points at the same power level [10]. Since channel coding
for optical communications has reached its maturity [11],
constellation shaping is becoming the last resort to realize
capacity-approaching optical communications.
Shaping gain can be obtained by geometric shaping (GS)
or probabilistic shaping (PS) [12]–[15]. Compared to the reg-
ular QAM formats, where each constellation point is located
on a uniform Cartesian grid and sent with equal probabil-
ity, GS-QAM allows a non-equidistant constellation distribu-
tion. In comparison, the constellation points in a PS-QAM
format are sent with different probabilities. Despite the
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FIGURE 1. Capacity of uniform MQAM formats.
difference between the GS and PS schemes, they both mimic
a quantized sampled Gaussian distribution, and are able to
closely approach the Shannon limit within finite dimen-
sions. In addition, hybrid GS/PS schemes have also been
proposed recently [16]–[18]. Although more complicated,
the hybrid GS/PS schemes are able to further improve the
capacity.
The optimal GS constellation depends on the optimization
criterion and signal-to-noise ratio (SNR). Available optimiza-
tion criteria include but are not limited to: minimizing average
symbol error probability, maximizing mutual information,
and minimizing mean-square error of Gaussian source rep-
resentation. In general, the constellation points with lower
amplitude are spaced closer than the outside points. Several
GS-QAM formats, like generalized cross constellation, were
proposed in earlier work to achieve the shaping gain [12].
In addition, iterative polar modulation [19], generalized
mutual information (GMI)-optimized QAM formats [20],
and multidimensional constellation with multi-sphere distri-
bution [21], have been proposed recently as practical GS
implementations.
In an additive white Gaussian noise (AWGN) chan-
nel, PS constellations usually follow a Maxwell-Boltzmann
(M-B) distribution, since M-B distribution can perform close
to the optimal distribution with optimized parameters [10].
Basically, the constellation points within a lower power layer
are transmitted with a higher probability. As a result, the aver-
age symbol power can be reduced. The PS-related research
started with Gallager’s many-to-one mapping scheme [15].
Then more advanced PS schemes were proposed, e.g.,
trellis shaping [22] and shell mapping [23]. Given that
arithmetic coding (AC) can be used to index sequences
efficiently, an AC-based constant composition distribution
matcher (CCDM) has been proposed [24]. Then CCDM
based probabilistic amplitude shaping (PAS) was proposed
in [25]. PS and differential evolution (DE) based GS have
been numerically compared in an AWGN channel [26],
which considers the integration of constellation shaping and
forward error correction (FEC) coding, and uses the appropri-
ate achievable rate expressions accounting for the employed
decoding metrics and provides bit-error rate/frame-error rate
(BER/FER) analysis.
Although shaping in principle can lead to capacity-
approaching modulation formats, both PS and GS face the
implementation penalty problems. There are three major
drawbacks in GS-QAM based transmission systems: the gap
between GMI and MI can only be closed by nonbinary FEC
coding, which is quite challenging for hardware implementa-
tion, in particular when the order of Galois filed is larger than
4; the digital-to-analog converter/analog-to-digital converter
(ADC/DAC) used at the transceiver side require higher reso-
lution; the DSP algorithms for signal recovery generally are
not compatible with that of the regular QAM formats. On the
other hand, CCDM-based PAS-MQAM transmission systems
will also encounter several problems: CCDM is challenging
for real-time implementation; multiple bit-to-symbol (B2S)
mapping and symbol-to-bit (S2B) mapping applied at the
transceiver bring on extra complexity; the entropy loss can
only be compensated by shaping on higher-order QAM for-
mats; error propagation after the distribution de-matcher has
not been properly resolved; the code rate of FEC coding is
lower-bounded by [log2 (M)− 2]
/
log2 (M); blind channel
equalization is very difficult, and pilot-tones need to be sent
to assist the signal recovery [27]. Besides the aforemen-
tioned problems, shaped QAM will also induce additional
modulation-dependent nonlinear noise in long-haul trans-
mission systems [28], especially when the constellation is
strongly shaped.
In this paper, we introduce a Gaussian-like GS-QAM
family, and numerically compare the mutual information
(MI) performances of regular/PS/GS-8QAM, regular/PS/
GS-16QAM, and regular/PS/GS-32QAM, in an AWGN
channel. Then we experimentally study various polar-
ization multiplexed (PM) GS/PS/regular-16QAM schemes
over a 100-km fiber- optics transmission system. Our
experimental results show that GS-16QAM has a larger
shaping gain over regular/PS-16QAM in a wide region
of optical SNR (OSNR). Finally, the performances of
regular/PS/GS-8/16/32QAM formats are evaluated numeri-
cally in a multi-span transmission system.
The remainder of this paper is organized as follows.
In Section II, we overview the probabilistic amplitude
shaping (PAS) scheme, introduce a GS-QAM generation
procedure, describe the MI theory, and compare the MI
performances for 8/16/32QAM formats. In Section III,
we experimentally explore the MI performances of
regular/PS/GS-16QAM in a linear regime, dominated by
ASE noise. The nonlinear performances of the 8/16/32QAM
formats are analyzed in Sec. IV. Section V summarizes our
work.
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II. SHAPED MODULATION FORMATS
A. PAS AND GS TECHNIQUES
Figures 2 (a) and (b) show the typical PAS-QAM and
GS-QAM based transmission systems. The constellation of
the square MQAM can be expressed as the Cartesian product
of two pulse-amplitude modulation (PAM) constellations,
namely,
X = {±1,±3, . . . ,±(√M − 1)} (1)
FIGURE 2. Typical transmission systems based on: (a) GS-MQAM and
(b) PAS-MQAM.
In a PAS scheme, the PAM constellations in both in-phase
and quadrature arms yield the so-called M-B distribution,
PXv (x) = e−v|x|
2
/
∑
x ′∈X e
−v|x ′|2 (2)
where v is a non-negative scaling factor to determine the
entropy. If v is 0, the PAM constellation yields a uniform
distribution, and offers the maximum entropy. The CCDM
will map the binary sequences to lexicographically ordered
amplitude sequences, followed by S2B mapping and binary
FEC coding. In the bit labeling of a PAS-QAM format [25],
the sign bits always follow the uniform probability distribu-
tion, which can be used for carrying the uniformly distributed
parity-check bits. As a result, the PAM constellation still
follows M-B distribution after FEC coding and B2S map-
ping. Notice that the FEC encoding has to be used after the
DM to ensure there are no bit errors before the distribution
de-matcher.
The GS-MQAM based transmission system is quite sim-
ilar to that of the regular MQAM. However it remains an
open question in which sense the GS-MQAM is optimal.
We use the signal constellation design algorithm to obtain the
GS-MQAM constellations that aims to minimize the mean-
square error of optimum source representation [29], [30].
The iteration steps can be described as follows.
1. Determining the optimal source distribution by the
Arimoto-Blahut (A-B) algorithm. In a Gaussian
noise limited transmission system, e.g., an ampli-
fied spontaneous emission (ASE) noise limited
fiber-optic transmission system, the optimal source in
two-dimensional (2D) space is supposed to yield a
Gaussian distribution.
2. Choosing the uniformly distributed regular MQAM as
the initial constellation.
3. Generating a symbol sequence following the optimal
source distribution.
4. Distributing the symbol sequence into M clusters,
where the decision is made according to the mini-
mumEuclidean distance from theMQAM constellation
points obtained in previous iteration.
5. Finding the average central positions from the symbols
labeled by each cluster. The acquired M points located
on the central positions are used as the new MQAM
constellation points.
6. Iterating over Steps 3 and 5 until convergence.
By independently running the Steps 1-6 hundred times,
symmetrical constellation can be finally determined from tri-
als averaged. A symmetrical QAM format is highly desirable
for experimental implementation. Notice that the converged
constellation is dependent on the variance of the optimal
source. By using the proposed procedure, The GS-8/16/32
QAM constellations, as shown in Figs. 3 (a1)- (c1), can only
be optimal in a certain SNR region. While, for the simplicity,
we apply such GS-8/16/32QAM formats for the whole SNR
region. Under the MQAM based transmission system, PS can
optimize the performance with the help of flexible entropy;
while GS is able to improve the performance by adaptive
modulation, with the modulation formats selected from the
GS-MQAM family. Considering PAS-64QAM has been able
to approach the Shannon limit [27], and GS-64QAM is much
more sensitive to the implementation and DSP penalties,
we do not suggest applying the GS-64QAM for a realistic
transmission system. Therefore, we will not discuss the per-
formance of GS-64QAM in this paper.
B. MI ANALYSIS
MI is directly related to the constellation distribution, and has
been used to accurately predict the post-FEC BER perfor-
mance [31], [32]. In this paper, all the MI results are cal-
culated without the consideration of FEC coding/decoding.
In most practical optical communication systems, it is rea-
sonable to assume transmitting a series of independent and
identically distributed discrete symbols over a memoryless
channel. The discrete channel input, continuous complex out-
put, and the channel transition probability are denoted here by
X, Y, and PY |X (y | x), respectively. The mutual information
is defined as
I (X;Y ) = H (X)− H (X |Y )
= −
∑
x ′∈χ
PX
(
x ′
)
log2PX
(
x ′
)
+
∑
x ′∈χ
PX
(
x ′
) ∫ PY |X (y | x ′)
C
× log2
PY |X
(
y | x ′)PX (x ′)∑
x ′∈χ PY |X (y | x ′)PX (x ′)
dy (3)
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FIGURE 3. The constellation diagrams for (a1) GS-8QAM, (b1) GS-16QAM, (c1) GS-32QAM, and (a2) PS-8QAM, (b2) PS-16QAM, (c2) PS-32QAM.
where PX
(
x ′
)
is the probability of the discrete channel input,
x ′ ∈ χ , and χ represents the set of MQAM constellation
points χ = {x1, x2, . . . , xM }. However the MI cannot be
directly calculated by (3), because there is no closed-form
solution for PY |X (y | x). Thanks to the mismatched decod-
ing tool [33], an auxiliary channel with transition proba-
bility QY |X (y | x) can be used for MI evaluation instead of
the unknown real transition probability PY |X (y | x). Thus,
the lower bound of the MI can be derived as
I (X;Y )≥RSYM =−
∑
x ′∈χ
PX
(
x ′
)
log2PX
(
x ′
)
+
∑
x ′∈χ
PX
(
x ′
) ∫ QY |X (y | x ′)
C
×log2
QY |X
(
y | x ′)PX (x ′)∑
x ′∈χ QY |X (y | x ′)PX (x ′)
dy (4)
where RSYM is the information rate that can be achieved by
soft-decision FEC coding. In an AWGN auxiliary channel,
we have
QY |X (y | x) = 1√
piσ
exp(
− |y-x|2
σ 2
) (5)
where σ 2 is the noise variance for QAM formats. RSYM can
be calculated by integration, or approximated by the Monte
Carlo integration. In the Monte Carlo integration, a series
of symbols, denoted by Xn = X1,X2, . . . ,Xn, are selected
from ϒ following the probability distribution PX (x), sent
through the AWGN auxiliary channel, and received as Yn =
Y1,Y2, . . . ,Yn. The lower bound MI can be estimated
as [35]
RSYM ≈ −
∑
x ′∈χ
PX
(
x ′
)
log2PX
(
x ′
)
+1
n
∑n
i=1 QX |Y (x |Yi) log2QX |Y (x |Yi) (6)
where QX |Y (x |Yi) is the conditional probability that a spe-
cific x is sent when the sample Yi is received,
QX |Y (x |Yi) = QY |X (Yi | x)PX (x)QY (Yi)
= exp(
−|Yi−x|2
σ 2
)PX (x)∑
x ′∈χ exp(
−|Yi−x ′|2
σ 2
)PX (x ′)
(7)
The estimated RSYM from (6) and (7) closely approach the
lower bound MI, when n is large enough. Specifically, in reg-
ular MQAM or GS-MQAM based communication systems,
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PX (x) = 1/M , and we have that
RSYM
≈ log2M
+1
n
n∑
i=1
exp(−|Yi−x|
2
σ 2
)∑
x ′∈χ exp(
−|Yi−x ′|2
σ 2
)
log2
exp(−|Yi−x|
2
σ 2
)∑
x ′∈χ exp(
−|Yi−x ′|2
σ 2
)
(8)
C. MI COMPARISONS BETWEEN REGULAR,
PS- AND GS-MQAM
Given that MI is measured assuming the ideal FEC cod-
ing, we can generalize (2) to obtain PS-8/16/32QAM dis-
tributions in the complex 2D space, by replacing the real
x in (2) as the complex amplitude. Please notice that
star-8QAM is selected as the regular 8QAM and proba-
bilistically shaped according to (2). The constellations of
PS-8/16/32QAM with entropy loss of 0.25 bits/symbol (b/s)
are illustrated in Figs. 3 (a2)-(c2), respectively. To sim-
plify the description for the PS-MQAM with an entropy
of E b/s, the following notation PS-MQAME is used,
e.g., PS-16QAM3.5. We compare the MI performances of
the shaped QAM formats with different entropies, in order
to show the best shaping scheme for a given signal constel-
lation size. Figure 4 shows the MI performances obtained
by Monte Carlo integration. The entropies of PS-MQAM
are selected from the range of [(log2M )−0.5, log2M ].
Clearly, GS-8QAM and GS-16QAM always reach the best
performance, as shown Figs. 4 (a) and (b). PS-8/16QAM
formats fail to achieve shaping gain in the regions of
high SNR. While PS-8QAM2.875, PS-8QAM2.75, and
PS-8QAM2.625 are able to outperform regular 8QAM when
the SNRs are less than 9.4 dB, 7.8 dB, and 6.3 dB, respec-
tively. By comparing the GS-16QAM with the PS-16QAM
formats, we observe that their performances are quite sim-
ilar when the SNR regions are upper-bounded by 11.5 dB,
10.1 dB, and 9.5 dB for PS-16QAM3.875, PS-16QAM3.75,
and PS-16QAM3.625, respectively. But the best MI perfor-
mance, as shown in Fig. 4 (c), cannot be acquired by any
single 32QAM format. What is clear is that the performance
of regular 32QAM is always worse than that of GS-32QAM.
In the SNR region of 13.2-15.7dB, PS-32QAM4.875 offers
the best performance. The performance of GS-32QAM is
comparable to that PS-32QAM4.875 when the SNR is less
than 13.2 dB, and reaches the largest shaping gain when the
SNR is more than 15.7dB. In addition, GS-32QAM outper-
forms PS-32QAM4.75 and PS-32QAM4.625, respectively,
in the SNR region lower-bounded by 13.9 and 13.3 dB.
If 8-ary or/and 16-ary constellations are required for a trans-
mission system, it is preferred to use GS scheme. In case
of 32-ary constellation, the best solution depends on the real-
istic channel SNR region. We briefly summarize the analysis
above, and list in TABLE 1 the optimal shaping schemes and
the corresponding shaping gains in specific SNR regions.
If only PS scheme can be applied in a certain transmission
system, it is also useful to compare the MI performances of
FIGURE 4. MI performances estimated from AWGN channels as a function
of the SNR for (a) 8QAM, (b) 16QAM, (c) 32QAM. R-QAM: regular QAM.
PS-8/16/32QAM under the condition of the same entropy.
Here, we use entropies of 2.7 b/s and 3.7 b/s as references.
Figure 5 shows the MI performances of PS-8/16/32QAM
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TABLE 1. Optimal Shaping Schemes in AWGN Channels.
FIGURE 5. MI performances estimated from AWGN channels as a
function of the SNR for PS-8/16/32QAM, when the entropy is fixed.
with the entropy of 2.7 b/s, as well as the MI performances
of PS-16/32QAM with the entropy of 3.7 b/s. When the
entropy is 2.7 b/s, the MI performance of PS-8QAM is
slightly worse than that of the PS-16/32QAM, and there
is no distinct difference between the MI performances
of PS-16QAM and PS-32QAM. Considering the potential
implementation penalty and DSP penalty in a realistic exper-
imental setup, it is suggested to use PS-8QAM2.7 scheme or
PS-16QAM2.7 scheme. When the entropy is 3.7 b/s, the MI
performance of PS-32QAM is better than PS-16QAM. It is
because PS-32QAM can achieve a more Gaussian-like distri-
bution.
III. EXPERIMENTAL DEMONSTRATION
A. EXPERIMENTAL SETUP
The diagram of the hardware based experimental setup is
depicted in Fig. 6. Given that 8QAM based transmission
channel only carries less than 3b/s, and 32QAM constella-
tion will introduce much unknown implementation penalty,
we select 16QAM formats for the experimental comparison.
At the transmitter side, the continuous wave (CW) light beam
with the wavelength centered at 1550 nm is generated from
a laser with a linewidth smaller than 10 kHz, and sent to a
PM-I/Q modulator. The binary data sequence is uniformally
mapped to 16QAM constellation for regular 16QAM signal
generation; non-uniformly mapped to PS-16QAM3.75 and
PS-16QAM3.5 symbols by DM; or mapped to GS-16QAM
symbols with equal probability. Then the symbols are pulse
shaped with the help of an arbitrary waveform generator
AWG) to generate 12.5G Baud PM-regular/PS/GS-16QAM
signals. After being amplified by a booster erbium-doped
fiber amplifier (EDFA), the signals are launched into a 100-
km fiber link with the launch power of about−7 dBm. At the
receiver side, the ASE noise-loading stage is constructed
by two EDFAs cascaded with a variable optical atenuator
(VOA). Two EDFAs are used in such ASE noise-loading
stage to achive a beter OSNR resolution.
At the receiver side, the optical signal is pre-amplified by
a EDFA and filtered by a optical tubale filter (OTF). Another
laser with a linewidth less than 10 kHz serves as a local
oscillator (LO) laser. The received signals are mixed with the
LO light beam in the integrated coherent receiver (ICR), and
digitalized by a real-time oscilloscope with 100 GSa/s sample
rate and 33 GHz analog bandwidth. The captured signals are
equalized and recovered by off-line DSP algorithms, includ-
ing chromatic dispersion compensation, resampling, channel
equalization using constant modulus algorithm (CMA) [1],
and carrier phase recovery [36]. In order to minimize the
DSP penalty, all the 16QAM signals are processed with a
5% pilot-assisted multi-modulus algorithm (MMA) after the
pre-convergence by CMA. The MI performances are ana-
lyzed after the phase recovery. The recovered constellation
diagrams for PM-16QAM, PM-GS-16QAM3.75, and PM-
PS-16QAM3.5 are illustrated in insets (a-d) of Fig. 4, respec-
tively. Notice that the entropy values of 3.5 and 3.75 are
chosen to represent the deep shaping and shallow shaping
cases respectively.
B. EXPERIMENTAL RESULTS AND ANALYSIS
The experimentally obtained MI performances as a function
of OSNR are summarized in Fig. 7. Notice that the MI
values shown in Fig. 7 aremeasuredwithout the consideration
of channel coding. A soft-decision low-density parity-check
(LDPC) coding with a BER threshold of less than 0.07 is sug-
gested to obtain robust and error-free post-FEC performance.
Because featured with a non-uniform constellation diagram,
GS-16QAM, compared to regular 16QAM, are more sen-
sitive to DSP penalty and implementation penalty. In our
experiment, the implementation penalty and DSP penalty
exceed 2.5 dB in total. As a result, theMI performance of GS-
16QAM is inferior to that of the PS-16QAM formats, when
theOSNR is smaller than 9.5 dB.While theGS-16QAM, over
a wide range of OSNR values, can still obtain the best MI per-
formance. More precisely, GS-16QAM can always outper-
form regular 16QAM; when the OSNR is larger than 10.2 dB,
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FIGURE 6. Experimental setup. Insets: the recovered constellation diagrams for (a) regular PM-16QAM, (b) PM-GS-16QAM, (c) PM-PS-16QAM 3.75,
(d) PM-PS-16QAM3.5.
FIGURE 7. Experimentally obtained MI performances as a function of the
OSNR for PM-16QAM formats.
and an increasing shaping gain over PS-16QAM3.75 can
be experimentally obtained. Compared to PS-16QAM3.5,
GS-16QAM is able to carry more bits/symbol when the
OSNR is larger than 9.7 dB. The advantage of GS-16QAM
over PS-16QAM can be attributed to the fact that in a 16-ary
2D constellation, GS is able to lay-out the 16 points towards
a more Gaussian-like distribution.
IV. NONLINEAR TOLERANCE
A. EGN MODEL AND NONLINEAR NOISE
In a fiber-optic transmission system, the channel link is
affected by the linear ASE noise and nonlinear interference
noise (NLIN). The variance of channel noise is given by
σ 2 = σ 2ASE + σ 2NLIN (9)
where σ 2ASE and σ
2
NLIN denote the variances of ASE noise and
NLIN, respectively. In a classical GN model [34], NLIN is
described as an additive Gaussian noise, which is modulation
independent. In contrast, the recently proposed EGN model
provides a more accurate prediction in multi-span transmis-
sion systems, since the effect of modulation on NLIN has
been taken into account [37]. In our simulation platform,
the accumulation of NLIN is obtained by the EGN model,
and the accumulated ASE noise is added to the optical signals
after each span. Assuming the channel distortion has been
well compensated, the channel noise can be measured as
SNReff = P
σ 2ASE + χP3
= P
σ 2ASE+[χ0+χ4 (µ4−2)+(µ4−2)2 χ ′4+µ6χ6]P3
(10)
where P is the average launch power, χ , χ0, χ4, χ ′4, and χ6
are the real coefficients indicating the contributions of fiber
nonlinearities, µ4 and µ6 are the standardized 4th and 6th
moments of the channel input X , which are defined as
µk = E[|X − E(X )|
k ]
E[|X − E(X )|2]k/2
(11)
where E[·] denotes expectation operation. By setting the
derivative of (10) to 0, the optimal launch power for a specific
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FIGURE 8. Measured µ4 values as a function of the entropy loss for
PS-8/16/32QAM formats.
transmission distance is given as
Popt =
(
σ 2ASE
2χ
)1/3
(12)
Considering χ ′4 and χ6 are far less than χ4, we investigate
only theµ4 values for regular/PS/GS-MQAM. The higherµ4
is, the stronger modulation-dependent NLIN will be suffered
by a given QAM format. Figure 8 summarizes the mea-
sured µ4 values for PS-8/16/32QAM formats, as well as the
GS/8/16/32QAM formats. The entropy loss region for each
PS-MQAM format is selected from 0b/s (corresponding to
regular MQAM) to 1b/s (corresponding to PS-MQAM with
entropy of log2M − 1). We find that the µ4 values carried
by PS- 16QAM and PS-32QAM are quite similar; µ4 is
not a monotonically increasing function for deeper shaped
8QAM, and PS-8QAM2.75 features the maximum µ4.
Meanwhile, the µ4 values are measured as 1.28, 1.4, and
1.46 for GS-8QAM, GS-16QAM, and GS-32QAM, respec-
tively, corresponding to PS-8QAM2.3, PS-16QAM3.95, and
PS-32QAM4.9, respectively. Interestingly, GS-8QAM has a
smaller µ4 value than regular 8QAM. Generally speaking,
GS-MQAM formats suffer less modulation-dependent NLIN
than PS-MQAM.We think it is because that in the GS-8QAM
constellation, there are 6 points located in the outer power
layer and 2 points in the inner layer, which is more like
one-modulus constellation; in the GS-16/32QAM constella-
tions, the null-power point located in the central position will
not contribute the modulation-dependent NILN.
B. REACH INCREASE BY SHAPING TECHNIQUE
The channel parameters used in the EGN model are summa-
rized in Table 2. Notice that the MI values are not calculated
with nonlinear noise compensation, but with the launch power
optimized for each span according to (12).
TABLE 2. System Parameters Used in The Simulation.
Figure 9 shows the numerically measured MI per-
formances as a function of transmission distance for
8/16/32QAM formats. As shown in Fig. 9 (a), GS-8QAM
offers the best performance along the long-distance trans-
mission; while regular 8QAM fails to provide a larger
MI than PS-8QAM2.875 and PS-8QAM2.75 after 55
and 78 spans, respectively. When the MI is 2.5 b/s,
GS-8QAM provides 500 km and 700 km reach improve-
ment over PS-8QAM2.875 and regular 8QAM, respec-
tively. Such great reach improvements fully reveal that
GS-8QAM is a power-efficient and NLIN tolerant 8-ary
modulation format. In Fig. 9 (b), GS-16QAM has the
best performance during the multi-span transmission; reg-
ular 16QAM and PS-16QAM3.875 offer comparable per-
formances against GS-16QAM before 25 spans, and
after 37 spans, respectively. Further, PS-16QAM3.875,
PS-16QAM3.75, PS-16QAM3.625, and PS-16QAM3.5 start
to outperform regular 16QAM after 26, 28, 43, and 53 spans,
respectively. GS-16QAM and PS-16QAM3.875 can extend
the reach over regular 16QAM by 7.7%, at the MI of 3.2 b/s.
In Fig. 9 (c), the performance of regular 32QAM is slightly
better than that of GS-32QAM when the transmission dis-
tance is up to 13 spans, because regular 32QAM suffer
the least modulation-dependent NLIN; while GS-32QAM
can outperform regular 32QAM after 20 spans, because
GS-32QAM has a better tolerance against the accumulated
ASE noise. Within the transmission range from 15 spans
to 28 spans, PS-32QAM3.875 clearly has the best perfor-
mance, but PS-32QAM3.75 shows better performance after
that. In addition, PS-32QAM4.75, PS-32QAM4.625, and
PS-32QAM4.5 show better performances against regular
32QAM after 19 spans, 22 spans, and 25 spans, respectively.
In case of MI=4 b/s, PS-32QAM4.875 and GS-32QAM are
able to obtain reach increaseover regular 32QAM by 7%
and 4.3%, respectively. In the presence of NLIN, a desir-
able GS-QAM format should be optimized with (9) taken
into account. Therefore, the best GS-MQAM formats depend
on the transmission distance.
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FIGURE 9. MI performances as a function of transmission distance
for: (a) 8QAM. (b) 16QAM, and (c) 32QAM.
To facilitate the readers’ understanding, we list in TABEL 3
the optimal shaping schemes and corresponding reach
improvement in specific distance ranges.
TABLE 3. Optimal Shaping Schemes in Multi-span Transmission Systems.
FIGURE 10. MI performances as a function of transmission distance for
PS-8/16/32QAM, when the entropy is fixed.
If only PS scheme can be used, it is necessary to compare
the MI performances of PS-8/16/32QAM as a function of
transmission distance. Figure 10 shows the MI performances
of PS-8/16/32QAM with the entropy of 2.7 b/s, and the MI
performances of PS-16/32QAM with the entropy of 3.7 b/s.
When the entropy is 2.7 b/s, the µ4 values of PS-8QAM,
PS-16QAM, and PS-32QAM are measured as 1.49, 1.85,
and 1.89, respectively. Accordingly, PS-8QAM has a better
MI performance than PS-16/32QAM after 65 spans. When
the entropy is 3.7 b/s, the µ4 values of PS-16QAM and
PS-32QAM are measured as 1.62 and 1.97, respectively.
When the transmission distance is longer than 42 spans,
PS-16QAM offers a better solution than PS-32QAM.
In a long-haul transmission system, it is worthwhile to
notice that the accumulated NILN and ASE noise may
not yield a Gaussian distribution. As a result, the optimal
PS-MQAM scheme is supposed not to follow the M-B dis-
tribution. Similarly, the optimal GS-MQAM formats should
also be different from the ones obtained from Gaussian noise.
There is no theoretical analysis so far to easily achieve
the best PS or GS schemes. Greedy-searching needs to be
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performed to find the optimal PS-MQAM distribution; while
our proposed 6-steps GS-MQAM generation procedure is
required to be re-run according to the real noise distribution
at a specific distance. Finally, the summation of the obtained
PS/GS-MQAM signal distribution and the specific noise dis-
tribution should again approach a Gaussian distribution.
V. CONCLUSION
We have introduced a GS-MQAM generation proce-
dure, which minimizes the mean-square error of opti-
mum source representation. Regular 8/16/32QAM formats,
GS-8/16/32QAM formats, and PS-8/16/32QAM formats
have been compared in terms of MI performance. In an
ASE-noise dominated channel, GS-8/16QAM could offer
the best performance; while PS-32QAM and GS-32QAM
provided the largest shaping gains separately in certain SNR
regions. We also investigated the nonlinear noise tolerance
for 8/16/32QAM formats, and found that GS-8/16/32QAM
generally suffer lower modulation-dependent NLIN than
PS-8/16/32QAM. GS-8/16QAM could extend the reach
in the EGN model based multi-span transmission system.
In addition, PS-32QAM formats showed better performance
over a relatively long transmission distance. A GS-QAM
scheme optimized in the presence of NLIN and ASE noise
is suggested for a multi-span transmission system.
Although in principle offers a great performance,
PS-64QAM inevitably suffers implementation penalty and
DSP penalty in a realistic experiment, because of the large
constellation size of 64QAM. Shaped 8/16/32QAM can still
be expected to play important roles in the future optical trans-
port networks. An implementation-friendly shaping scheme
will attract more attentions in the future, as well as the
hybrid probabilistic-geometric shaping schemes to optimize
the GMI performance.
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